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1 Introduction
Quantum teleportation has been introduced by Benett et al. [3] and discussed
by a number of authors in the framework of the singlet state [4]. Recently,
a rigorous formulation of the teleportation problem of arbitrary quantum
states by means of quantum channel was given in [6] based on the general
channel theoretical formulation of the quantum gates introduced in [5]. In
this note we discuss a generalization of the scheme proposed in [6] and we give
a general method to solve the teleportation problem in spaces of arbitrary
finite dimensions.
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2 Formulation of the problem
The set of all quantum states on a Hilbert space H, identified to the set of
the density operators, is denoted by S(H), namely,
S(H) ≡ {ρ ∈ B(H) ; ρ∗ = ρ, ρ ≥ 0, trρ = 1}
where B(H) is the set of all bounded operators on H.
The following is a generalization of the channel theoretical approach to
the teleportation problem proposed by [6]:
STEP 0 : Alice has a unknown quantum state ρ(1) on a Hilbert space H1, and
she wants to teleport it to Bob.
STEP 1 :Two auxiliary Hilbert spaces H2 and H3, attached to Alice and to Bob
respectively, are introduced.
One fixes a set of (entangled) states
σ
(23)
k ∈ S (H2 ⊗H3) (1)
in the (Alice, Bob)–space, having certain prescribed correlations and
one prepares an ensemble of the combined system (1, 2, 3) in the state
ρ
(123)
k ≡ ρ(1) ⊗ σ23k (2)
on the space H1 ⊗H2 ⊗H3
STEP 2 : One then fixes a family of mutually orthogonal projections
{
F
(12)
k
}
(3)
on the Hilbert space H1 ⊗ H2, corresponding to an observable A :=∑
k λkF
(12)
k and having fixed one index k, Alice performs a first kind
incomplete measurement, involving only the (1, 2) system, which filters
the (arbitrarily chosen) value λk, i.e. after the measurement on the
given ensemble (2), of identically prepared systems, only those with
2
A = λk are allowed to pass. According to quantum mechanics, after
Alice’s measurement, the state of the (1, 2, 3) system becomes
ρ
(123)
k :=
(
F
(12)
k ⊗ 13
)
ρ
(123)
k
(
F
(12)
k ⊗ 13
)
tr123
(
F
(12)
k ⊗ 13
)
ρ
(123)
k
(
F
(12)
k ⊗ 13
) (4)
where tr123 is the full trace on the Hilbert space H1 ⊗H2 ⊗H3.
STEP 3 : Bob is informed which measurement was done by Alice. This is
equivalent to transmit the information that the k–th eigenvalue was
chosen. This information is transmitted from Alice to Bob without
disturbance and by means of completely classical tools (e.g. telephone).
STEP 4 : By making partial measurements on the system 3, that is, on the
system corresponding to the auxiliary space related to him and not
to the original system, Bob can obtain the state ρ(3) induced by the
state (4) and reconstruct the state ρ(1) on the system 1by unitary keys
provided to him. Notice that this state ρ(3)is unknown by Alice unless
the ensemble (2) has been prepared by her.
Here we must distinguish two cases:
(I) Bob can perform his experiments on the same ensemble of systems
found by Alice as a result of her measurement
(II) Bob and Alice are spatially separated so that the situation of case (I) is
not realizable. In this case Bob has to prepare an ensemble of systems
in the state ρ(123) and therefore also this state has to be transmitted
by Alice by means of classical communication.
The crucial point of the construction is that, knowing the information
transmitted by Alice about which measurement was done by her, Bob is able
to reconstruct in a unique way the original state ρ(1), of system 1, from the
state ρ(3), of system 3. When the state σ
(23)
k is independent of k, the above
problem reduces to the channel theoretical formulation of [6]. The above
procedure can be realized by a channel (dual of a completely positive map)
Λ∗k : S (H1) −→ S (H3)
composed of the following four channels:
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(i) A trivial (i.e. product) lifting in the sense of [1]
γ∗k : S (H1) −→ S (H1 ⊗H2 ⊗H3) (5)
γ∗k
(
ρ(1)
)
= ρ(1) ⊗ σ(23)k , ∀ρ(1) ∈ S (H1) (6)
expresses the independent coupling of the initial state ρ(1) with the
state σ
(23)
k .
(ii) The second step is described by a measurement type channel
pi∗k : S (H1 ⊗H2 ⊗H3) −→ S (H1 ⊗H2 ⊗H3) (7)
of the form
pi∗k
(
ρ
(123)
k
)
:=
(
F
(12)
k ⊗ 13
)
ρ
(123)
k
(
F
(12)
k ⊗ 13
)
tr123
(
F
(12)
k ⊗ 13
)
ρ
(123)
k
(
F
(12)
k ⊗ 13
) ,
where ρ
(123)
k ∈ S (H1 ⊗H2 ⊗H3), corresponding to an incomplete first
kind measurement describing the state change determined by Alice’s
filtering of the eigenvalue λk of the observable A
(iii) The third step is defined by the channel a∗ : S (H1 ⊗H2 ⊗H3) −→
S (H3) defined by
ρ
(3)
k = a
∗
(
ρ
(123)
k
)
= tr12ρ
(123)
k , ∀ρ(123)k ∈ S (H1 ⊗H2 ⊗H3) .
Here tr12 is the partial trace on the Hilbert space H1 ⊗H2
< Φ1, tr12QΦ2 > ≡
∑
n
< Ψn ⊗ Φ1, QΨn ⊗ Φ2 >, Q ∈ B(H1 ⊗H2 ⊗H3)
for any CONS {Ψn} of H1 ⊗ H2 and any Φ1,Φ2 ∈ H3. This chan-
nel a∗ corresponds to Bob’s partial measurement over the system 3
and describes the reduction, from the state ρ(123) obtained after Al-
ice’s measurement, to the state ρ(3), obtained by Bob. Thus the whole
teleportation process above is written by the channel
Λ∗k : S (H1) −→ S (H3)
4
Λ∗k ≡ Λ∗k,A→B ≡ a∗ ◦ pi∗k ◦ γ∗
The above subscript “k” means that the channels Λ∗k and Λ
∗
k,A→B
depend on the choice of Alice’s measurement F
(12)
k . More precisely,
∀ρ(1) ∈ S (H1)
Λ∗kρ
(1) ≡ tr12


(
F
(12)
k ⊗ 13
)(
ρ(1) ⊗ σ(23)k
)(
F
(12)
k ⊗ 13
)
tr123
(
F
(12)
k ⊗ 13
)(
ρ(1) ⊗ σ(23)k
)(
F
(12)
k ⊗ 13
)

 (8)
Note that the channel Λ∗k is generally non linear.
With these notations we can formulate the general mathematical problem
of teleportation as follows.
Given the initial Hilbert space H1, find:
(1) two auxiliary Hilbert spaces H2, H3
(2) a family of entangled states σ
(23)
k on H2 ⊗H3
(3) a family of mutually orthogonal projections
{
F
(12)
k
}
acting on H1⊗H2
(4) for each k a unitary operator Uk such that the associated unitary chan-
nel
u∗k : S (H3) −→ S (H1)
u∗k
(
ρ(3)
)
= Ukρ
(3)U∗k ∀ρ(3) ∈ S (H3)
so that it satisfies the identity
Λ∗kρ
(1) = U∗kρ
(1)Uk (9)
for any k and for any state ρ(1) ∈ S(H1) or at least for ρ(1) in a preas-
signed subset of S(H1).
If the conditions (2), (3), (4)above are replaced by the weaker ones:
5
(2’) a single entangled state σ(23)acting on H1 ⊗H2
(3’) a single projection F (12) acting on H1 ⊗H2
(4’) a single unitary operator U such that the identity
Λ∗ρ(1) = U∗ρ(1)U (10)
holds for any state ρ(1) ∈ S(H1) and the channel determined by σ(23)
and F (12), then we speak of the weak teleportation problem.
The connection between the weak and the general teleportation problem
is the following. Given a family {σ(23)k , F (12)k , Uk} of solutions of the weak
teleportation problem for each k such that the projections F
(12)
k are mutually
orthogonal, then this family provides a solution of the general teleportation
problem. In the following section, we shall solve the weak teleportation
problem, and then we shall use this result to solve the general teleportation
problem.
3 Solution of the weak teleportation problem
In the notations of the previous section, we shall assume that
N = dimH1 < +∞
Under this assumption we shall look for a solution of the weak teleportation
problem in which
N = dimH1 = dimH2 = dimH3
σ(23) = |ψ〉〈ψ| (11)
F := |ξ〉〈ξ| (12)
where ψ ∈ H2 ⊗H3 and ξ ∈ H1 ⊗H2 are unit vectors. In the following we
identify F with
F = |ξ〉〈ξ| ⊗ 13 ∈ Pr oj(H1 ⊗H2 ⊗H3) (13)
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and we look for a unitary transformation U : H3 → H1 such that for any
density matrix ρ ∈ S(H1) one has
U · tr12(F (ρ⊗ |ψ〉〈ψ|)F )
tr(F (ρ⊗ |ψ〉〈ψ|)F ) U
∗ = ρ (14)
Under these assumptions, let us fix three arbitrary orthonormal bases:
(εα) of H3 (15)
(ε′h) of H2 (16)
(ε′′n) of H1 (17)
Proposition 3.1 In the notations and assumptions of this section, fix an
arbitrary N ×N complex unitary matrix (λγα) and define
ψ :=
∑
λhα|ε′h〉 ⊗ |εα〉 ∈ H2 ⊗H3 (18)
ξ =
1
N1/2
∑
µ
ε′′µ ⊗ ε′µ (19)
Then if U : H3 →H1 is the unique unitary operator such that
∑
h
λhαε
′′
h = Uεα (20)
(existing because of our assumption on the λkβ’s), the triple (ψ, ξ, U) satisfies
tr12(F (ρ⊗ |ψ〉〈ψ|)F ) = 1
N
U∗ρU (21)
for any choice of the density operator ρ ∈ S(H1) and with F given by (12),
(13).
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Proof. Notice that under the conditions (18) and (19), we use in a crucial
way the finite dimensionality of H2 and H3. In particular
‖ψ‖2 =
∑
h,α
|λhα|2 =
∑
h
1 = dimH2 = dimH3 (22)
We do not normalize ψ because in all the formulae the corresponding rank
one projection will enter both in the numerator and in the denominator. For
F as in (13), one has, using from now on the convenction of summation over
repeated indices
F =
1
N
|ε′′µ〉〈ε′′µ′| ⊗ |ε′µ〉〈ε′µ′| ⊗ 13,
therefore
F (ρ⊗ |ψ〉〈ψ|)F = λhαλkβF (ρ⊗ |ε′h〉〈ε′k|)F ⊗ |εα〉〈εβ| =
=
1
N2
|ε′′µ〉〈ε′′µ′, ρε′′ν〉〈ε′′ν′| ⊗ |ε′µ〉〈ε′µ′, ε′h〉〈ε′k, ε′ν〉〈ε′ν′| ⊗ |εα〉〈εβ| =
=
1
N2
λhαλkβδµ′,hδk,ν〈ε′′µ′ , ρε′′ν〉|ε′′µ〉〈ε′′ν′| ⊗ |ε′µ〉〈ε′ν′| ⊗ |εα〉〈εβ| =
=
1
N2
λhαλkβ〈ε′′h, ρε′′k〉|ε′′µ〉〈ε′′ν′| ⊗ |ε′µ〉〈ε′ν′| ⊗ |εα〉〈εβ|
Taking the trace over H1 ⊗H2, this gives
=
1
N
λhαλkβ〈ε′′h, ρε′′k〉|εα〉〈εβ| =
1
N
〈λhαε′′h, ρλkβε′′k〉|εα〉〈εβ|
Thus, with the choice of U given by (10), (2) becomes
tr12(F (ρ⊗ |ψ〉〈ψ|)F ) = 1
N
〈εα, U∗ρUεβ〉|εα〉〈εβ| = 1
N
U∗ρU
which is (21).
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4 Uniqueness of the key
In this section we discuss the uniqueness of the key uintary operator.
Proposition 4.1 Let ρ =
∑
pγPγ be the spectral decomposition of ρ ∈ H1.
Then if U and V satisfy equation (9) with the above ρ, then there exists
a unitary operator W from H1 to H1 such that V U∗ = ΣWγ with Wγ ≡
PγWPγ. Moreover, the equality WγW
∗
γ = δγγ′Pγ is satisfied.
Proof. Suppose U and V are two solutions of equation 13, then
U∗ρU = V ∗ρV
or, equivalently
V U∗ρ = ρV U∗ (23)
This means that V U∗ ≡W : H1 → H1 is in the commutant of ρ. Since W is
a unitary operator commuting with ρ,
WPγ = PγW
is satisfied. Therefore
W =
∑
PγWPγ =
∑
Wγ : WγPγ = PγWγ =Wγ .
The equalities
1 =W ∗W =
∑
γγ′
W ∗γWγ′ =
∑
γγ′
W ∗γPγPγ′Wγ =
∑
γ
W ∗γWγ.
imply
WγW
∗
γ′ = δγγ′Pγ .
Corollary 4.2 Let H be an Hilbert space of arbitrary dimensions. If U and
V are two solutions of the weak teleportation problem corresponding to the
same F and ψ, then they coincide up to multiplication by a number of modulus
one.
Proof. Equation (23) above implies that in this case the operator V U∗
commutes with all density operators, since they are unitary, it follows that
V = eiθU for some real number θ.
9
5 A necessary condition
In the notations and assumptions of the previous section, let us suppose that
the normalized state vector ξ has the form with some constants {tµ}
ξ =
∑
µ
tµε
′′
µ ⊗ ε′µ (24)
and let us look for the conditions under which the map (14) becomes linear.
Proposition 5.1 Given ξ as in (24) and F as in (12) the trace
tr123(F (ρ⊗ |ψ〉〈ψ|F )
is independent of ρ if and only if the coefficients tk of ξ have the following
form
tk = e
iθk/
√
N (25)
In particular, if the condition (25) above is satisfied, then the map (14) lin-
earizes.
Proof. One has:
F (ρ⊗ |ψ〉〈ψ|)F = λhαλkβF (ρ⊗ |ε′h〉〈ε′k|)F ⊗ |εα〉〈εβ|
= λhαλkβtµtµ′tνtν′ |ε′′µ〉|ε′µ〉〈ε′µ′ |(ρ⊗ |ε′h〉〈ε′k|)|ε′′ν〉|ε′ν〉〈ε′′ν′|〈ε′ν′| ⊗ |εα〉〈εβ|
= λhαλkβtµtµ′tνtν′|ε′′µ〉〈ε′′µ′, ρ, ε′′ν〉〈ε′′ν′| ⊗ |ε′µ〈ε′µ′, ε′h〉〈ε′k, ε′ν〉〈ε′ν′| ⊗ |εα〉〈εβ|
= λhααkβtµthtktν , 〈ε′h, ρε′′k〉|ε′′µ〉〈ε′′ν′| ⊗ |ε′µ〉〈ε′ν′| ⊗ |εα〉〈εβ|
Tracing over H1 ⊗H2,
λhαλkβtµthtktµ〈ε′′h, ρε′′k〉|εα〉〈εβ|
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Since
∑
µ |tµ|2 = 1, this is equal to
λhαλkβthtk〈ε′′h, ρε′′k〉|εα〉〈εβ|
Taking the H3–trace, we find
λhαλkαthtk〈ε′′h, ρε′′k〉 = |th|2〈ε′′h, ρε′′h〉
because of the unitarity of λα,β. If follows that the problem linearizes if and
only if
∑
k
|tk|2|ε′′k〉〈ε′′k| = c = constant
and this is equivalent to:
|tk|2 = c ; ∀ k = 1, . . . , N
Consequently c = N and (25) follows.
6 Solution of the general teleportation prob-
lem: the case N = 22m
The remark at the end of section 2 and the result of section 4 show that, in
order to apply the solution of the weak teleportation problem to the solution
of the general one, one has to solve the the following problem: find an o.n.
basis fn of a finite dimensional Hilbert space H, identified to CN , such that
one can determine the phases σα,j (j = 1, . . . , N) so that the vectors
gα :=
1
N1/2
N∑
j=1
eiσα,jfj
are still an o.n. basis of CN . If we further restrict the condition requiring
that eiσα,j = ±1, then by considering the two vectors ψα =
∑N
j=1 ε
α
j fj , ψβ =∑N
j=1 ε
β
j fj with ε
α
j , ψβ = ±1, the conditions
0 = 〈ψα, ψβ〉 =
∑
j
εαj ε
β
j
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show that a necessary condition for an affirmative answer to the above prob-
lem is that N is an even number.
Proposition 6.1 If N = 2m for some m ∈ N, then the answer to the above
problem is affirmative.
Proof. The statement is true for m = 1. Assume by induction that it is
true for m and consider C2
2m+1 ≡ C22m ⊗ C2 ≡ C2m ⊕C2m .
Let (ψα) (α = 1, . . . , 2
m) be an o.n. basis which solves the problem for
C2
m
. Then clearly the set of vectors
1√
2
(
ψα
+ψα
)
,
1√
2
(
ψα′
−ψα′
)
is an o.n. basis of C2
m+1
in Q2m+1 .
A more explicit solution of the problem is obtained as follows. We fix
N = 2m
and we choose
fν := eν1 ⊗ · · · ⊗ eνm ; ν = (ν1, . . . , νm) ∈ {0, 1}m
νj ∈ {0, 1} ; j = 1, . . . , m ; e1 =
(
1
0
)
, e0 =
(
0
1
)
We know that
g0 :=
1√
2
(e1 + e0) =
1√
2
(
1
1
)
; g1 :=
1√
2
(e1 − e0) = 1√
2
(
1
−1
)
(26)
is an o.n. basis of C2 so that
gα := gα1 ⊗ · · · ⊗ gαm ; α := (α1, . . . , αm) ∈ {0, 1}m (27)
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is an o.n. basis of
m⊗
1
C2 = C2
m
. However we have
gα1 ⊗ · · · ⊗ gαm =
1
2m/2
m⊗
j=1
(e1 + (−1)αje0)
=
1
2m/2
∑
ν1,...,νm
(−1)
m∑
j=1
(1−νj)αj
eν1 ⊗ · · · ⊗ eνm
=
1
2m/2
∑
ν∈{0,1}m
(−1)σα(ν)eν = gα (28)
where
σα(ν) :=
m∑
j=1
(1− νj)αj .
In the notations of section 3, let N = 2m for some m ∈ N and let the
orthonormal bases (ε′α) ofH2 and (ε′′α) ofH1 in (16), (17) be two copies of the
basis eν1 ⊗ · · · ⊗ eνm, described in Proposition 6.1. Let (εα) be an arbitrary
orthonormal basis of H3 and let ψ and U be as in Proposition 3.1. Then, it
is easy to see the followimg corollary.
Corollary 6.2 If the vector ξα for each α ∈ {0, 1}m is defined by
ξα :=
1
2m/2
∑
µ∈{0,1}m
(−1)σα(ν)ε′µε′′µ (29)
then, for each α ∈ {0, 1}m, the triple {ψ, U, ξα} solves the weak teleportation
problem and the projections
Fα := |ξα〉〈ξα| ⊗ 13
are mutually orthogonal.
Remark 6.3 In the above construction, nothing prevents the possibility of
choosing a different unitary matrix (λj,k) for each α ∈ {0, 1}m so that the
triple {ψα, Uα, ξα} solves the teleportation problem in the general formulation
of section 2.
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We here notice that the BBCJPW scheme provides nice examples to our
results. In their scheme, σ(23) is given by an EPR spin pair in a singlet state
such as
σ(23) = |ψ〉〈ψ|,
where
|ψ〉 = c| ↑(2)〉 ⊗ | ↓(3)〉+ d| ↓(2)〉 ⊗ | ↑(3)〉, |c|2 + |d|2 = 1.
with the spin up vector | ↑〉 := e1 =
(
1
0
)
and the spin down vector | ↓〉 :=
e0 =
(
0
1
)
. There, Alice’s measurement F
(12)
k is chosen in the partition of
the identity
{
F
(12)
k ; k = 1, 2, 3, 4
}
;
F
(12)
1 = |ξ(−)〉〈ξ(−)|, F (12)2 = |ξ(+)〉〈ξ(+)|,
F
(12)
3 = |ζ (−)〉〈ζ (−)|, F (12)4 = |ζ (+)〉〈ζ (+)|
with
|ξ(−)〉 =
√
1
2
(| ↑(1)〉 ⊗ | ↓(2)〉 − | ↓(1)〉 ⊗ | ↑(2)〉)
|ξ(+)〉 =
√
1
2
(| ↑(1)〉 ⊗ | ↓(2)〉+ | ↓(1)〉 ⊗ | ↑(2)〉)
|ζ (−)〉 =
√
1
2
(| ↑(1)〉 ⊗ | ↑(2)〉 − | ↓(1)〉 ⊗ | ↓(2)〉)
|ζ (+)〉 =
√
1
2
(| ↑(1)〉 ⊗ | ↑(2)〉+ | ↓(1)〉 ⊗ | ↓(2)〉) .
The unitary (key) operators Uk (k = 1, 2, 3, 4) are given as follows
U1 ≡ | ↑(1)〉〈↑(3) |+ | ↓(1)〉〈↓(3) |
U2 ≡ | ↑(1)〉〈↑(3) | − | ↓(1)〉〈↓(3) |
U3 ≡ | ↑(1)〉〈↓(3) |+ | ↓(1)〉〈↑(3) |
U4 ≡ | ↑(1)〉〈↓(3) | − | ↓(1)〉〈↑(3) |.
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In [3], they discussed a more general example in which σ23 = |ψ〉〈ψ|
∈ S(H2 ⊗H3) with H2 = H3) = CN and
|ψ〉 =
N−1∑
j=0
1√
N
|j〉 ⊗ |j〉.
In this case, Alice’s measurement is performed with projections of the form
F (12)nm = |ξnm〉〈ξnm|
where
|ξnm〉 = 1√
N
N−1∑
j=0
e
2piijn
N |j〉 ⊗ | (j +m) mod N〉.
These states are examples of the entangled states and Alice’s projections
in our general teleportation scheme.
Finally we note that the channels constructed by the above states are
linear, and they could show the teleportation of the initial state attached to
H1.
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